This paper will analyze the Cantor set. The Cantor set's basic properties will be stated and proved. Maple computer software will be used to generate endpolnts and limit points ofthis set. The set's topologlcal and Hausdorff dimension and Lebesgue measure will be calculated. Also, two different proofs of the fact that any number between 0 and 2 Is a sum of two Cantor points will be given.
In this chapter we will define the Cantor set on the real line.
We start with the unh int^^ 
1)
The CmwrSeti&tptalfy disconnected.
Since the connected component iit each point of C is the singleton set of the point itself, C is totally disconnected. Since all compactsets are closed and bounded,the Cantor set is also closed and bounded [4] .
2T
The CantorSetisperfect.
A perfect set is a closed set containing no isolated points. Likewise xeC^. Therefore x lies in one of the intervals of Ca.
Choose an endpoint aa of that interval which does not equal x.
Then |x-a^s^. Continuing in this fashion, we construct a sequence lajl such that a, is in the Cantor set and ix-a,.i<3"^ for each j. Therefore x is the limit of the sequehGe. We have thus proved that the Cantor set is perfect [2] .
3) The CantorSetis uncountable.
Sets A and B have the same cardinality if there is a function from A to B that is both one-to-one and onto. If a set A has the same cardinality as the set of natural numbers,theii vve say that A is countable. An infinite set that is not countabie is said to be uncountable. We will show that the Cantor set is uncountable.
To show that the Cantor set is uncountable,we aSsig;h to each element of the Cantor set a "label" consisting of a sequence of I's and 2's that identifies its location in the set. Fix an element x in the Cantor set. Then certainly x is in Ci. If x is in the left half of Q,then the first digit in the "label" of x is 1; otherwise it is 2.
Likewise xeC^. By the first part of this argumeht, it is either in the left half, C21,ofC2(when the first digit in the label is 1)or the right half, C22, of C2 (when the first digit of the label is 2).
Whichever of these is correct,that half will consist of two intervals of length 3-2. If X is in the leftmost of these two intervals then the second digit of the "label" of x is 1. Otherwise the second digit is 2. Continuing in this fashion, we may assign to x an infinite sequence of I's and 2's.
Conversely,if a, b,c,... is a sequence of I's and 2's, then we may locate a unique corresponding element y of the Cantor set.
If the first digit is a 1 then y is in the left half of Ci; otherwise y is in the right half of Ci, Ukewise the second digit locates y within Gz,and so forth.
Thus we have a one-to-dne correspondence between the Cantor set and the collection of all infinite sequences of ones and twos. In fact, we are thinking of the point assigned to the sequence of I's and 2's as the Umit ofthe points assigned to Ci,q(^,Ci£^c3,.... Thus we are using the fact that C is closed. However, the set of ail infinite sequences of ones and twos is uncountable. Thus the Cantdrset is uncountable [2] .
4) The Cantor Setis a self-similarset
The Gantor set is an example of a selfsimilar sed which is, In the next chapter we will give a more precise definitiori of selfsimilarity.
-Gantor Points
After a few iterations, what do the endpoints of the intervals ofthe Gahtor set look like? Can they be geherated andther why, besides the basic way we introduced at the beginning of this chapter? We can generate these endpoints by using Maple.
In this section we wiil use Maple computer software to list
Cantor points Ofintervals used in the construction ofthe Cantor set in Section 1.1. We begin by listing the endpoints of Ci.
11:=[0,1/3,2/3/1];
The Maple operator nops (11) In order to graph these points, we first have to convert the list 11 into a set, which we call cantor.
v.:
We plot this set using the Maple command plot. > n:=nops(ll);
;.V' n:~8
> plot(ceuitor,3eyle=P0lNT,£uces=NONE);
We will repeat this process several times to obtain a total of 256 points in the Cantor set which are precisely the endpoints of the intervals through the first seven stages used in the construction ofthe Cantor set: r > ),op(map(g,map(f/ll)))]; 0 J--2. 26 II := '27'27'9' 9' 27' 27' 3' 3' 27' 27' 9'9'27'27'/ to obtain Cantor points that e not endpoints of the For example, the point 1-^+^ is in the Cantor set. To obtain another point using this point we have to subtractwhere ns4. So,for instance, the point i-^+~-~ is in the
Cantorset. Also, i--+ p-+jir is in the Cantorset since it was obtained ftx)m the previous point byadding i to a point already in the Cantor set. (Notice here that «> lo). Now infinite sums of this form will be in the Cantor set and they are not endpoints of the intervals used in the original construction ofthe Cantor set.
We use thisconstfuctiori to make the following Maple We establish in a similar way that at the second step those and only those points x that are removed are those for which a2 = 1. For this reason,after completing the process,those and only those points remain which can be expressed as ternary decimals in which every ak equals 0 or 2. Hence, the set of points that we have removed to form the Cantor set consists of points whose ternary development is impossible without the use of 1, and C consists of points for which such a development is possible. To summarize, x is in the Cantor set if and only if its ternary expansion consists ofO's and 2's only [3] . Now let us look at an example of an irrational Cantor point. 1) a pointin R2 has topologicaldimension zero;
2) a curve in W has topological dimension one;
3) a region in R2 has topologicaldimension two.
It can be proven that the topological dimension of a set in R" must be an integer between 0 and n, inclusive. We denote the topological dimension ofa set S by dT(S) [1] .
The construction ofthe topological dimension is based on the idea ofgeneralizing the notion that the dimension ofa ball is three and the dimension ofthe sphere which is the surface of the ball is two, to define inductively the dimension of a set X from the dimension ofits boundary. We will use the following facts about the topological dimension in order to establish that dxlC)=0 [4] .
First, by definition,the dimension of the empty set <{) is -1.
Also, if for every point p of a set X, one can find an arbitrarily small ball B such that p e B and (boundary of B)nX=^, then the dimension of X is 0. We will show that this is indeed the case for x=c.". ■ ■ . ■ Let peC. Now for every n, p is inside an interval [a",bn] ofsize 3-n (seeChapterl,Section 1.1). Then ^~{^n~2«+l'A» 2^^ is a ballofsize^and boundaryB = -^,b"+^jnC=0. So arbitrary set in R". His definition is quite complicated, but for a self-similar set it reduces to something rather simple.
In the last chapter, we mentioned that the Cantor set is an example of a self-similar set. Now we will give a more precise definition of self-similarity.
A set is self-similar if it can be expressed in the form At the first step, we selected the interval(1/3, 2/3),oflength 1/3.
At the second Step, two intervals,(1/9, 2/9)and (7/9,8/9), each of length 1/9 were added to it. At the third step, we added four more intervals,each oflength 1/27,and so on. It follows that m(G)=-1 +2^5j+4^-|+.., 3k 3 9 Since the expression in the parentheses is an infinite geometric series with a common ratio of 2/3,we have The Cantpf set is quite thin (it has Lebesgue measure zero)
but it is large in the sense that it has unGOuntably many eleihents.
The next result reveals a surprising property ofthis "thin" set. In the plane we will consider C X C. C X C is constucted as follows:
STAGE 1: Construct Ci XCi. 1 1 FigureS.l STAGE 2: Construct C2 X C2.
• % X+7-CV. Since C X C is a self-similar set with s= 1/3 and k= 4, we know that
In3
Ifin the construction of G X C in the nth stage we delete the top left squares,we would still have that the line x + y = a has a point in common with the intersection. Therefore, the set E is the smallest plane set in this sense, that has the property that any number between 0 and 2 can be written as a sum c + d with {c,d)^E. Also, the topological dimension and Lebesgue measure of E (and for that matter, C X C) areO.
